Exam 2 Fall 2025 Solutions

The equations of the two lines in the sketch below are
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Let V' be a vector space with an innner product (-, -) — R*, and let || - || be the norm induced by
this inner product. Thatis, ||v]|* = (v, v).

Let W be a subspace of V,and let v € V', w* € W be such that, with respect to the inner
product above, w* — v is orthogonal to every w € W'.

Show that no vector w € W is closer to v than w* is.

That is, show that ||v — w|| > ||v — w*|| Yw € W.

W=V
“.’
0
Want to show that
W=V l{? Mw*—\/ﬂ e .
W-v = 0V 4 -
S

Pl (v

(w v - NEov W w*)

/

(Ux-\f, w*~V> + (w"-v )+ (MMV)J- (w—w*, w-m*)

O
becaust ) -1y c—l/\) an W\ e (A)_Lk)"l

'("‘)—V" + ”N "‘)“" UPSbl—\eSoS

"

u

" \-V“ bem 'HMK'ECOM s M—v\fa&l’b‘& . Q‘ED .



Recall that the cubic spline interpolant is a piecewise cubic function whose value and first and second derivatives are continuous at the nodes (and
everywhere else). With n subintervals, these requirements impose 4n — 2 constraints on the 4n parameters of the n cubic pieces, which are
supplemented by 2 additional constraints, such as the "natural” or "clamped" end conditions.

(a) If we chose instead to build a piecewise-quadratic interpolant to data {(x;, y;)}=0.1...,» with nodes @ = x¢ < x| <...< Xx,-1 < X, = b, write
down an appropriate set of constraints, and compare the total number of constraints with the number of parameters.

(b) Can you suggest a sensible way of supplementing the constraints to complete the specification of the interpolant? If so, do so. If not, say why not.
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Devise a Householder reflector (an orthogonal matrix) H; which will zero-out the subdiagonal portion of the first column of the matrix A below.
State the projector P that you use in constructing H, and give the product H; A.

No part of the calculation generates numbers with more than one digit after the decimal point.
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With respect to the inner product (f, g) = j;)l f(x)g(x)dx, find the least squares approximation to

f(x) = e* on[0,1] within the subspace of C[0, 1] spanned by the functions {1, x}.

Ous “(’(fm#‘vma’k"-'“ ‘@ «% e Su\—- ?Cx}: Corl + Cp X .
(e rea|u‘ne e ecce ?—-E + b= orfb«j-vﬂ-(-p &JA% M&S&M&s_
Twss n S(Co-(-C,x ~e¥)-) dx = O

>4 iy Y,(CO+C.><-—2“)><A¥ =0

. I
) ’ Cox + G & —e“} =0
z 0

<c0+%.-—e)——(o+o-—()=o —> )C,,+%L=e-—l{
I I ( '
Q) S‘xe“dxhrwk xe"l - Ye“& = e- E“L - e--1)=1
o 0 )
So ¢ 2 : _ l —
!c,,xé-;c._g_lb._]_o —> ice,+€'c,_\
Sublcackug () fom () -
2—,‘)&7— 3-e¢ — C,= {8-6e
3 2
T
3

Tow Cg = 2- %((&—Ge) = 2-(12-%e) = -0+ %=

A go/'FGq: -10+ be + (lg—ée)x

30

— fix) =e*

e plx)
25

05

00
00




