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EXAM INSTRUCTIONS
The exam is closed-book.

One page of handwritten notes in prescribed form is allowed.

You may continue answers on the backs of the pages if needed.

o Work steadily and carefully.

e For maximum credit, show all your work.

e Do not waste time writing information that is not asked for.

e About 5% will be awarded for "style":
be sure your writing is easy to read, and
make your reasoning, explanations, and calculations
clear, explicit, easy to follow.

e Some questions are easier and/or shorter than others.
In particular, Q6 is not just a computation and requires thought.
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Machine numbers

(a) What is the IEEE754 64-bit floating-point code for the smallest machine number greater than 8 in hexadecimal format?
About far above 8 is it, as a power of 10?

Hints: Start by finding the code for 8 itself. The exponent bias is 1023 = g

% = Z@ _ 210’26-—lc;l\23
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2
Round-off error bound

Find the approximate maximum relative error in the floating-point evaluation of this expression

(x+c)—-c
when x is small and not necessarily a machine number, and c is a machine number greater than 1. Answer in terms of | x|, c,
and €qch» @nd just keep the term or terms that dominate as | x| goes to zero.

Suggestion: to avoid mistakes, expand everything fully before cancelling anything.

relative error

U<
| : Phiemme - Eacdny 5 ¥
I\'C(‘/A L2 eceds| — | <><(('J' =y }"T‘C/}U“ij = CJ ([\4 9’3> matt |
| e ;
S |
| ' >< ' \
/ - } \ ) ‘I
| g l Bl A ( !,,, & \ {
| \ + %o, T SO Z
e\ \
— ]
! o e § 7 li
= X 4 <S8, 4 x¥y + K8 + T3y - X |
Ia) A
G 0.0 A -
+><C7 -4 %u\gq 4 KON 4 Ky O99n T Cona vy
} a4 A O Ao \ II
— ! % ((“ " (\:1 +€\ 87 +g7 +- Syi/’{ Qe T =827 ;
i /( o &
3 COy + Coy s
e 2 =
f " ,
Y
A ’(S‘.—*gv‘* VZ> i C;:-f
! \ o
s X O> £ - Fnlsy
(—J o N ~ e AR CAA e —————— ___.._.1,- = - -
é 8 P MAc f z F/ 5 1 \ .
z = £\ |
Empirical check: ( codoshopc 0 cos a4 X0 )
relative error in (x + ¢) — c for c=2 \ '
2-
14
0+ \\\\\\\\\\\\m
_1 <
actual error
calculated error bound cemacn/(2x)
=27 calculated error bound —céemacn/(2x)
10'—16 10‘—15 10‘—14

X



pSof12

3
Round-off error avoidance

(a) Explain briefly and qualitatively why we obtain the results pictured below when evaluating the expression
P

n(l —e‘ﬁ)

in floating-point arithmetic when 0 < p < n.

relative error in direct evaluation of (1 —e=P")n
with n fixed at 102

103 10* 105
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(b) Calculate or write down the Taylor approximation for e~ with remainder at O(x*), and use it
to obtain a two-term approximation and error bound for n( 1 — e_; ) Give a relative error bound
for the values at the right end of the plot (where it is worst). Very briefly compare with the round-off
error seen in (a).
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4
Sensitivity of solution of a linear system

| Suppose
Ax = b,
where A is an invertible matrix and b is a non-zero vector, and define éx by
A(x + 6x) = b + 6b.
That is, dx is the change in the solution when the right hand side is changed by b.
[18x]]

Tl
which property of a norm you are using at each step. Do NOT cite or use Theorem 3.10. Express your answer in terms of the

condition number k(A).
A - L >
A()(4 6‘“) = b") S\') @

Using just algebra and the properties of a vector norm and the induced matrix norm, obtain a bound on , explicitly citing
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5 Householder QR decomposition
Consider the over-determined linear system
Ax =D,
4 2
[3] = [1]

Observe that b is not in the column space of A.
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Obtain a Q R factorization of A (Q orthogonal, R upper triangular) using a Householder reflector, H. Show all the steps of

the computation, including specifying the projector P from which H is built.
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6
Root finding

Recall that in Chapter 2 we defined a contraction on an interval G = [a, b] C R as a function g : G — R that satisfies a
Lipschitz condition on G with Lipschitz constant L that is strictly less than 1.

Suppose g is a contraction, and furthermore that g maps G into G.

(a) Prove that g has a fixed point in G.
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(b) Prove that g has no more than one fixed pointin G.
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(c) Prove that if xo € G, and x4+ = g(xx), k =0,1,2,..., then x; converges to the fixed point x* as k — oo.
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dIf f:G— R € C*G), fhasaroot z € G, and f'(z) # 0, show that Newton's method applied to f is a contraction on
some neighborhood N of z and maps N into itself. Hint: g’ is small near z.
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(e) Prove that for xo € N, Newton's method converges faster than any linearly convergent process.
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7 Quadrature

Derive the 3-point Gauss-Legendre quadrature rule for the interval [—1, 1] from the
requirement that it has polynomial degree 5. Minimize your labor by guessing the symmetry.
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Optimization o)

Consider finding the minimum of f(x, y) = x> — 4x + xy — y + 6'on the square D = {(x,¥) € R* : 0 < x,y < 3}. Apply

one iteration of the method of steepest descent with (x', y@) = 9,&'; to find the point (x'", yV') € D that minimizes £ in
the descent direction. Also find the value of f before and after the line minimization.
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