
Day 16  Approximation with trigonometric functions

1. "Best" approximation of f in vector space V = C[0,2pi] 
     with inner product 

2. Interpolation

1. For f in V, approximate it by an element of

{w_j} is a basis for its span because the elements are orthogonal w.r.t. the inner product,
hence linearly independent.

Prop: 

Proof:

The "best" approximation to f in the subspace, i.e. the one with the smallest error 
is one whose error is orthogonal to the subspace.

Proof:



Examples:

complex Fourier series of f,



%matplotlib inline
from nsm import *
plt.figure(figsize=(5,10))
k = 4
x = np.linspace(0,2*np.pi,500,endpoint=False)
w = np.exp(1j*x)
for j in range(-k,k+1):
    plt.subplot(2*k+1,1,j+k+1)
    plt.plot(np.real(w**j),'r')          # real part shown in red
    plt.plot(np.imag(w**j),'b')          # imag part shown in blue
    plt.title(f'j={j}')

import matplotlib.pyplot as plt
import numpy as np
from scipy.integrate import quadrature

%matplotlib inline
twopi = 2*np.pi
i = 1j
def f1(x): return np.exp(np.cos(x)+np.sin(x)/2)  # a smooth periodic function that is not a combination of trig 
def f2(x): return x**2  # a function with discontinuous periodic extension
def f3(x): return x*(twopi-x)  # a function with continuous periodic extension but jump in derivative
def f4(x): x1 = (x-np.pi)/np.pi; return x1**4 - 2*x1**2 

f = f2

x = np.linspace(0,twopi,1000)
kstop = 6
plt.figure(figsize=(8,16))
for k in range(kstop):
    plt.subplot(kstop,1,k+1)
    plt.plot(x,f(x),'k',label='f');
    gk = np.zeros_like(x,dtype=complex)
    alpha = []
    for j in range(-k,k+1):
        wj = np.exp(i*j*x)
        def integrand(x): return f(x)*np.exp(-i*j*x)
        twopiaj,err = quadrature(integrand,0,twopi)   # gaussian quadrature
        alphaj = twopiaj/twopi
        alpha.append(alphaj)
        gk += alphaj*wj
    plt.plot(x,np.real(gk),label=f'$Re(g_{k})$',lw=3,alpha=0.5)
    plt.plot(x,np.imag(gk),label=f'$Im(g_{k})$',lw=3,alpha=0.5)
    plt.title(f'k = {k}')
    #print(np.round(a,4))
    plt.legend()

Convergence as k increased in the 4 examples above is illustrated on the next page.

These are the functions we are building our approximation with.

Plotted in Cx[0,2pi]



       f2                            f3                          f4                             f1
discontinuous periodic extension       C^0 per. ext.                 C^3 per. ext.                 C^inf per. ext.

f=f1
x = np.linspace(0,twopi,1000)
kstop = 10
#plt.figure(figsize=(8,16))
kk = np.linspace(1,kstop,3)
for k in range(1,kstop):
    gk = np.zeros_like(x,dtype=complex)
    alpha = []
    for j in range(-k,k+1):
        wj = np.exp(i*j*x)
        def integrand(x): return f(x)*np.exp(-i*j*x)
        twopiaj,err = quadrature(integrand,0,twopi)   # gaussian quadrature
        alphaj = twopiaj/twopi
        alpha.append(alphaj)
        gk += alphaj*wj
    
    maxerror = np.abs(f(x)-gk).max()
    print(k,maxerror)
    if k==1:
        for p in range(1,5):
            plt.loglog(kk,kk**(-p)*maxerror,label='$k^{-'+str(p)+'}$',alpha=0.3)

    plt.loglog(k,maxerror,'ro')
plt.xlabel('k'); plt.ylabel('max error')
plt.legend();

Rate of convergence: infinity norm as a power of 1/k as slope of log-log plot

would be 
steeper here
if my 
quadrature for
the alphas were
more accurate.



2. Interpolation with trig polynomials

k

The functions exp(ijx) for j=0,1,...n-1

red real part
blue imag part

This is indeed an interpolant,
but it leaves a lot to be desired!
Unwarranted wiggles, and strange imaginary part
for data that is real.

We will construct a better one next class (Day 17).


