
Recall that we wish to accurately approximate            

in the common situation where we do not have access to an antiderivative F,  F' = f, 
hence cannot used the Fund. Thm. of Calculus.

We will use a "quadrature rule"

A quadrature rule is said to be "of polynomial degree m" if 

If the m+1              are already chosen and distinct,
then the requirement of Q being of polynomial degree m consitutes m+1 conditions on the m+1 weights 
and we can determine those weights in this way.

Day 22. Quadrature, cont'd

m+1 linear equations in m+1 variables          .
Since the matrix is non-singular for distinct {x_j},
with m+1 sample points we can achieve polynomial degree at least m.

Let's look at some examples ...

culminating in adaptive quadrature with Gauss-Kronrod rules



Large alternating positive and negative
weights can lead to catastrophic loss
of significance due to subtraction of 
near-equals.



We see the results with uniformly spaced nodes are not terribly satisfactory,
especially in regard to having negative weights.

But who said the nodes should be uniformly spaced?

How about considering node locations to be another set of degrees of freedom?
Then we'd have 2m+2 variables:  
perhaps we could then achieve polynomial degree 2m+1 

Turns out this IS possible, and the corresponding optimal rules are called Gaussian quadrature.

Example: the midpoint rule, aka 1-point open Newton-Cotes, is also the 1-point Gaussian rule:

And the 4-point Gaussian rule has degree 2(3)+1 = 7.  Wow!!

Let's develop the 2-point (m=1) Gaussian quadrature rule on [-1,1],
by requiring that it has polynomial degree 2m+1 = 3.

It seems reasonable to guess that by symmetry, 

Then, requiring exact results for each element of the monomial basis for P_3, 
the constraints are:



Let's compare with the inferior 2-point rule called the "trapezoid rule":



How to obtain the Gauss rules for larger m?

Ingredients are a set of polynomials (p0, p1, p2, ...) with the following properties:

(1)  pn has degree n
(2)  pi is orthogonal to pj if i does not equal j,  with respect to the inner product 
(3)  pn has n distinct roots in [-1,1]

We could develop such a set as follows (choose some basis and orthogonalize it using Gram-Schmidt):

etc., obtiaining the "Legendre polynomials".



A convenient representation of the Legendre polynomials (I claim) is

Does this satisfy properties (1),(2),(3) ?

(1) pn is of degree n ?

(2) Orthogonality ?     

(3) n distinct roots in [-1,1] ?   ... Yes: Google it > Stack Exchange



So what ?   We will show that if 

we use the roots of p_(m+1) as the nodes, and
choose the weights to obtain degree m

we will in fact have a rule of degree 2m+1  - the Gauss(-Legendre) rule. 

Observation (1)

          G(P) = G(R)      Why?

  G(P) = G(S p    )  + G(R)

Observation (2)

Observation (3)

Summarizing,

See example below





Error bound for quadrature rules

Recall Theorem 4.6 p215:

It follows that

Thus 

and we can reduce "H" by dividing our domain [a,b] into small subintervals or "panels",
applying the rule to each panel and adding the results.

In practice, though, ... we estimate our error numerically, as follows ...

Suppose we have two rules, such as G7 and "K15",

where  deg( K15 ) >> deg( G7 ).

Then                                              is a reasonable estimate of the error in G7(f).

K in K15 above stands for Kronrod.

The (2m+1)-point Kronrod rule is the (2m+1)-point rule of maximal polynomial degree
that re-uses the sample points of the m-point Gaussian rule.

Let's take a look at G7-K15 ...



[space for test of G7-K15]

Wow!!



Adaptive quadrature
How to attain an integral approximation with error tolerance       ?

f
Apply first directly to [a,b] and obtain error estimate.

If error estimate  >      ,

then apply rule separately 

on                                with tolerance      ,

and on                         with tolerance      ,

and add the results.

Do this recursively until total error estimate <        . 

Let's try it out ...



[space for experiment with adaptive quadrature]

Integrand (Runge function)
has a big spike in a small
region of our interval [-50,10].

x

accurate to machine precision!



Closing question:

Let's take a look at an example ...




