
Homework 2 Solutions

1. accurately evaluating sin x - x when x is near 0.





Bonus information: empirical vaildation of the bounds derived above:

Red dots are errors with direct evaluation sin x - x. 
Note that round-off is felt even with the Taylor polynomial (magenta dots) when the truncation error drops 
below machine epsilon (black horizontal line). 



2. (a) Ackleh 2.10.1(a)



2. (b). Ackleh 2.10.3

epsilon = 0.01

6 iterations expected

    k          a                       b                    f(a)                  f(b)                     f(c)

    0 +1.000000000000000e+00 +2.000000000000000e+00 -1.000000000000000e+00 +2.000000000000000e+00 +2.500000000000000e-01 

    1 +1.000000000000000e+00 +1.500000000000000e+00 -1.000000000000000e+00 +2.500000000000000e-01 -4.375000000000000e-01 

    2 +1.250000000000000e+00 +1.500000000000000e+00 -4.375000000000000e-01 +2.500000000000000e-01 -1.093750000000000e-01 

    3 +1.375000000000000e+00 +1.500000000000000e+00 -1.093750000000000e-01 +2.500000000000000e-01 +6.640625000000000e-02 

    4 +1.375000000000000e+00 +1.437500000000000e+00 -1.093750000000000e-01 +6.640625000000000e-02 -2.246093750000000e-02 

    5 +1.406250000000000e+00 +1.437500000000000e+00 -2.246093750000000e-02 +6.640625000000000e-02 +2.172851562500000e-02 

1.4140625 is approximate root

6 iterations used

epsilon = 0.0001

13 iterations expected

    0 +1.000000000000000e+00 +2.000000000000000e+00 -1.000000000000000e+00 +2.000000000000000e+00 +2.500000000000000e-01 

    1 +1.000000000000000e+00 +1.500000000000000e+00 -1.000000000000000e+00 +2.500000000000000e-01 -4.375000000000000e-01 

    2 +1.250000000000000e+00 +1.500000000000000e+00 -4.375000000000000e-01 +2.500000000000000e-01 -1.093750000000000e-01 

    3 +1.375000000000000e+00 +1.500000000000000e+00 -1.093750000000000e-01 +2.500000000000000e-01 +6.640625000000000e-02 

    4 +1.375000000000000e+00 +1.437500000000000e+00 -1.093750000000000e-01 +6.640625000000000e-02 -2.246093750000000e-02 

    5 +1.406250000000000e+00 +1.437500000000000e+00 -2.246093750000000e-02 +6.640625000000000e-02 +2.172851562500000e-02 

    6 +1.406250000000000e+00 +1.421875000000000e+00 -2.246093750000000e-02 +2.172851562500000e-02 -4.272460937500000e-04 

    7 +1.414062500000000e+00 +1.421875000000000e+00 -4.272460937500000e-04 +2.172851562500000e-02 +1.063537597656250e-02 

    8 +1.414062500000000e+00 +1.417968750000000e+00 -4.272460937500000e-04 +1.063537597656250e-02 +5.100250244140625e-03 

    9 +1.414062500000000e+00 +1.416015625000000e+00 -4.272460937500000e-04 +5.100250244140625e-03 +2.335548400878906e-03 

   10 +1.414062500000000e+00 +1.415039062500000e+00 -4.272460937500000e-04 +2.335548400878906e-03 +9.539127349853516e-04 

   11 +1.414062500000000e+00 +1.414550781250000e+00 -4.272460937500000e-04 +9.539127349853516e-04 +2.632737159729004e-04 

   12 +1.414062500000000e+00 +1.414306640625000e+00 -4.272460937500000e-04 +2.632737159729004e-04 -8.200109004974365e-05 

1.41424560546875 is approximate root

13 iterations used

epsilon = 1e-08

26 iterations expected

    0 +1.000000000000000e+00 +2.000000000000000e+00 -1.000000000000000e+00 +2.000000000000000e+00 +2.500000000000000e-01 

    1 +1.000000000000000e+00 +1.500000000000000e+00 -1.000000000000000e+00 +2.500000000000000e-01 -4.375000000000000e-01 

    2 +1.250000000000000e+00 +1.500000000000000e+00 -4.375000000000000e-01 +2.500000000000000e-01 -1.093750000000000e-01 



    3 +1.375000000000000e+00 +1.500000000000000e+00 -1.093750000000000e-01 +2.500000000000000e-01 +6.640625000000000e-02 

    4 +1.375000000000000e+00 +1.437500000000000e+00 -1.093750000000000e-01 +6.640625000000000e-02 -2.246093750000000e-02 

    5 +1.406250000000000e+00 +1.437500000000000e+00 -2.246093750000000e-02 +6.640625000000000e-02 +2.172851562500000e-02 

    6 +1.406250000000000e+00 +1.421875000000000e+00 -2.246093750000000e-02 +2.172851562500000e-02 -4.272460937500000e-04 

    7 +1.414062500000000e+00 +1.421875000000000e+00 -4.272460937500000e-04 +2.172851562500000e-02 +1.063537597656250e-02 

    8 +1.414062500000000e+00 +1.417968750000000e+00 -4.272460937500000e-04 +1.063537597656250e-02 +5.100250244140625e-03 

    9 +1.414062500000000e+00 +1.416015625000000e+00 -4.272460937500000e-04 +5.100250244140625e-03 +2.335548400878906e-03 

   10 +1.414062500000000e+00 +1.415039062500000e+00 -4.272460937500000e-04 +2.335548400878906e-03 +9.539127349853516e-04 

   11 +1.414062500000000e+00 +1.414550781250000e+00 -4.272460937500000e-04 +9.539127349853516e-04 +2.632737159729004e-04 

   12 +1.414062500000000e+00 +1.414306640625000e+00 -4.272460937500000e-04 +2.632737159729004e-04 -8.200109004974365e-05 

   13 +1.414184570312500e+00 +1.414306640625000e+00 -8.200109004974365e-05 +2.632737159729004e-04 +9.063258767127991e-05 

   14 +1.414184570312500e+00 +1.414245605468750e+00 -8.200109004974365e-05 +9.063258767127991e-05 +4.314817488193512e-06 

   15 +1.414184570312500e+00 +1.414215087890625e+00 -8.200109004974365e-05 +4.314817488193512e-06 -3.884336911141872e-05 

   16 +1.414199829101562e+00 +1.414215087890625e+00 -3.884336911141872e-05 +4.314817488193512e-06 -1.726433401927352e-05 

   17 +1.414207458496094e+00 +1.414215087890625e+00 -1.726433401927352e-05 +4.314817488193512e-06 -6.474772817455232e-06 

   18 +1.414211273193359e+00 +1.414215087890625e+00 -6.474772817455232e-06 +4.314817488193512e-06 -1.079981302609667e-06 

   19 +1.414213180541992e+00 +1.414215087890625e+00 -1.079981302609667e-06 +4.314817488193512e-06 +1.617417183297221e-06 

   20 +1.414213180541992e+00 +1.414214134216309e+00 -1.079981302609667e-06 +1.617417183297221e-06 +2.687177129701013e-07 

   21 +1.414213180541992e+00 +1.414213657379150e+00 -1.079981302609667e-06 +2.687177129701013e-07 -4.056318516632018e-07 

   22 +1.414213418960571e+00 +1.414213657379150e+00 -4.056318516632018e-07 +2.687177129701013e-07 -6.845708355740499e-08 

   23 +1.414213538169861e+00 +1.414213657379150e+00 -6.845708355740499e-08 +2.687177129701013e-07 +1.001303111536345e-07 

   24 +1.414213538169861e+00 +1.414213597774506e+00 -6.845708355740499e-08 +1.001303111536345e-07 +1.583661290993632e-08 

   25 +1.414213538169861e+00 +1.414213567972183e+00 -6.845708355740499e-08 +1.583661290993632e-08 -2.631023554577894e-08 

1.4142135605216026 is approximate root

26 iterations used

epsilon = 1e-16

53 iterations expected

    0 +1.000000000000000e+00 +2.000000000000000e+00 -1.000000000000000e+00 +2.000000000000000e+00 +2.500000000000000e-01 

    1 +1.000000000000000e+00 +1.500000000000000e+00 -1.000000000000000e+00 +2.500000000000000e-01 -4.375000000000000e-01 

    2 +1.250000000000000e+00 +1.500000000000000e+00 -4.375000000000000e-01 +2.500000000000000e-01 -1.093750000000000e-01 

    3 +1.375000000000000e+00 +1.500000000000000e+00 -1.093750000000000e-01 +2.500000000000000e-01 +6.640625000000000e-02 

    4 +1.375000000000000e+00 +1.437500000000000e+00 -1.093750000000000e-01 +6.640625000000000e-02 -2.246093750000000e-02 

    5 +1.406250000000000e+00 +1.437500000000000e+00 -2.246093750000000e-02 +6.640625000000000e-02 +2.172851562500000e-02 

    6 +1.406250000000000e+00 +1.421875000000000e+00 -2.246093750000000e-02 +2.172851562500000e-02 -4.272460937500000e-04 

    7 +1.414062500000000e+00 +1.421875000000000e+00 -4.272460937500000e-04 +2.172851562500000e-02 +1.063537597656250e-02 

    8 +1.414062500000000e+00 +1.417968750000000e+00 -4.272460937500000e-04 +1.063537597656250e-02 +5.100250244140625e-03 

    9 +1.414062500000000e+00 +1.416015625000000e+00 -4.272460937500000e-04 +5.100250244140625e-03 +2.335548400878906e-03 

   10 +1.414062500000000e+00 +1.415039062500000e+00 -4.272460937500000e-04 +2.335548400878906e-03 +9.539127349853516e-04 

   11 +1.414062500000000e+00 +1.414550781250000e+00 -4.272460937500000e-04 +9.539127349853516e-04 +2.632737159729004e-04 

   12 +1.414062500000000e+00 +1.414306640625000e+00 -4.272460937500000e-04 +2.632737159729004e-04 -8.200109004974365e-05 

   13 +1.414184570312500e+00 +1.414306640625000e+00 -8.200109004974365e-05 +2.632737159729004e-04 +9.063258767127991e-05 

   14 +1.414184570312500e+00 +1.414245605468750e+00 -8.200109004974365e-05 +9.063258767127991e-05 +4.314817488193512e-06 

   15 +1.414184570312500e+00 +1.414215087890625e+00 -8.200109004974365e-05 +4.314817488193512e-06 -3.884336911141872e-05 

   16 +1.414199829101562e+00 +1.414215087890625e+00 -3.884336911141872e-05 +4.314817488193512e-06 -1.726433401927352e-05 

   17 +1.414207458496094e+00 +1.414215087890625e+00 -1.726433401927352e-05 +4.314817488193512e-06 -6.474772817455232e-06 

   18 +1.414211273193359e+00 +1.414215087890625e+00 -6.474772817455232e-06 +4.314817488193512e-06 -1.079981302609667e-06 

   19 +1.414213180541992e+00 +1.414215087890625e+00 -1.079981302609667e-06 +4.314817488193512e-06 +1.617417183297221e-06 

   20 +1.414213180541992e+00 +1.414214134216309e+00 -1.079981302609667e-06 +1.617417183297221e-06 +2.687177129701013e-07 

   21 +1.414213180541992e+00 +1.414213657379150e+00 -1.079981302609667e-06 +2.687177129701013e-07 -4.056318516632018e-07 

   22 +1.414213418960571e+00 +1.414213657379150e+00 -4.056318516632018e-07 +2.687177129701013e-07 -6.845708355740499e-08 

   23 +1.414213538169861e+00 +1.414213657379150e+00 -6.845708355740499e-08 +2.687177129701013e-07 +1.001303111536345e-07 

   24 +1.414213538169861e+00 +1.414213597774506e+00 -6.845708355740499e-08 +1.001303111536345e-07 +1.583661290993632e-08 

   25 +1.414213538169861e+00 +1.414213567972183e+00 -6.845708355740499e-08 +1.583661290993632e-08 -2.631023554577894e-08 

   26 +1.414213553071022e+00 +1.414213567972183e+00 -2.631023554577894e-08 +1.583661290993632e-08 -5.236811428943611e-09 

   27 +1.414213560521603e+00 +1.414213567972183e+00 -5.236811428943611e-09 +1.583661290993632e-08 +5.299900962540960e-09 

   28 +1.414213560521603e+00 +1.414213564246893e+00 -5.236811428943611e-09 +5.299900962540960e-09 +3.154454475406965e-11 

   29 +1.414213560521603e+00 +1.414213562384248e+00 -5.236811428943611e-09 +3.154454475406965e-11 -2.602633442094771e-09 

   30 +1.414213561452925e+00 +1.414213562384248e+00 -2.602633442094771e-09 +3.154454475406965e-11 -1.285544337648048e-09 

   31 +1.414213561918586e+00 +1.414213562384248e+00 -1.285544337648048e-09 +3.154454475406965e-11 -6.269997854246867e-10 

   32 +1.414213562151417e+00 +1.414213562384248e+00 -6.269997854246867e-10 +3.154454475406965e-11 -2.977276203353085e-10 

   33 +1.414213562267832e+00 +1.414213562384248e+00 -2.977276203353085e-10 +3.154454475406965e-11 -1.330915377906194e-10 

   34 +1.414213562326040e+00 +1.414213562384248e+00 -1.330915377906194e-10 +3.154454475406965e-11 -5.077338549597243e-11 

   35 +1.414213562355144e+00 +1.414213562384248e+00 -5.077338549597243e-11 +3.154454475406965e-11 -9.614309348648931e-12 

   36 +1.414213562369696e+00 +1.414213562384248e+00 -9.614309348648931e-12 +3.154454475406965e-11 +1.096500668040790e-11 

   37 +1.414213562369696e+00 +1.414213562376972e+00 -9.614309348648931e-12 +1.096500668040790e-11 +6.754596881819452e-13 

   38 +1.414213562369696e+00 +1.414213562373334e+00 -9.614309348648931e-12 +6.754596881819452e-13 -4.469535852535955e-12 

   39 +1.414213562371515e+00 +1.414213562373334e+00 -4.469535852535955e-12 +6.754596881819452e-13 -1.896927059874542e-12 

   40 +1.414213562372424e+00 +1.414213562373334e+00 -1.896927059874542e-12 +6.754596881819452e-13 -6.108447081487611e-13 

   41 +1.414213562372879e+00 +1.414213562373334e+00 -6.108447081487611e-13 +6.754596881819452e-13 +3.241851231905457e-14 

   42 +1.414213562372879e+00 +1.414213562373106e+00 -6.108447081487611e-13 +3.241851231905457e-14 -2.893241202173158e-13 

   43 +1.414213562372993e+00 +1.414213562373106e+00 -2.893241202173158e-13 +3.241851231905457e-14 -1.285638262515931e-13 

   44 +1.414213562373050e+00 +1.414213562373106e+00 -1.285638262515931e-13 +3.241851231905457e-14 -4.818367926873179e-14 

   45 +1.414213562373078e+00 +1.414213562373106e+00 -4.818367926873179e-14 +3.241851231905457e-14 -7.993605777301127e-15 

   46 +1.414213562373092e+00 +1.414213562373106e+00 -7.993605777301127e-15 +3.241851231905457e-14 +1.199040866595169e-14 

   47 +1.414213562373092e+00 +1.414213562373099e+00 -7.993605777301127e-15 +1.199040866595169e-14 +2.220446049250313e-15 

   48 +1.414213562373092e+00 +1.414213562373096e+00 -7.993605777301127e-15 +2.220446049250313e-15 -2.886579864025407e-15 

   49 +1.414213562373094e+00 +1.414213562373096e+00 -2.886579864025407e-15 +2.220446049250313e-15 -4.440892098500626e-16 

   50 +1.414213562373095e+00 +1.414213562373096e+00 -4.440892098500626e-16 +2.220446049250313e-15 +8.881784197001252e-16 

   51 +1.414213562373095e+00 +1.414213562373095e+00 -4.440892098500626e-16 +8.881784197001252e-16 +4.440892098500626e-16 

a,b seem to be adjacent machine numbers: requested tolerance cannot be achieved with machine numbers

1.414213562373095 is approximate root

52 iterations used



There is a module ieee754 that allows us to print the machine codes in hex form.
This confirms our conclusion that a and b become adjacent machine numbers in the above:



c. Ackleh 2.10.4    4th root of 1000

epsilon = 1e-05

23 iterations expected

    0 +0.000000000000000e+00 +1.000000000000000e+02 -1.000000000000000e+03 +9.999900000000000e+07 +6.249000000000000e+06 

    1 +0.000000000000000e+00 +5.000000000000000e+01 -1.000000000000000e+03 +6.249000000000000e+06 +3.896250000000000e+05 

    2 +0.000000000000000e+00 +2.500000000000000e+01 -1.000000000000000e+03 +3.896250000000000e+05 +2.341406250000000e+04 

    3 +0.000000000000000e+00 +1.250000000000000e+01 -1.000000000000000e+03 +2.341406250000000e+04 +5.258789062500000e+02 

    4 +0.000000000000000e+00 +6.250000000000000e+00 -1.000000000000000e+03 +5.258789062500000e+02 -9.046325683593750e+02 

    5 +3.125000000000000e+00 +6.250000000000000e+00 -9.046325683593750e+02 +5.258789062500000e+02 -5.172023773193359e+02 

    6 +4.687500000000000e+00 +6.250000000000000e+00 -5.172023773193359e+02 +5.258789062500000e+02 -1.055577993392944e+02 

    7 +5.468750000000000e+00 +6.250000000000000e+00 -1.055577993392944e+02 +5.258789062500000e+02 +1.787051334977150e+02 

    8 +5.468750000000000e+00 +5.859375000000000e+00 -1.055577993392944e+02 +1.787051334977150e+02 +2.922931546345353e+01 

    9 +5.468750000000000e+00 +5.664062500000000e+00 -1.055577993392944e+02 +2.922931546345353e+01 -3.993730185902677e+01 

   10 +5.566406250000000e+00 +5.664062500000000e+00 -3.993730185902677e+01 +2.922931546345353e+01 -5.805051410789019e+00 

   11 +5.615234375000000e+00 +5.664062500000000e+00 -5.805051410789019e+00 +2.922931546345353e+01 +1.159838585829220e+01 

   12 +5.615234375000000e+00 +5.639648437500000e+00 -5.805051410789019e+00 +1.159838585829220e+01 +2.868353716657111e+00 

   13 +5.615234375000000e+00 +5.627441406250000e+00 -5.805051410789019e+00 +2.868353716657111e+00 -1.475411873618441e+00 

   14 +5.621337890625000e+00 +5.627441406250000e+00 -1.475411873618441e+00 +2.868353716657111e+00 +6.947032474046182e-01 

   15 +5.621337890625000e+00 +5.624389648437500e+00 -1.475411873618441e+00 +6.947032474046182e-01 -3.907959918697088e-01 

   16 +5.622863769531250e+00 +5.624389648437500e+00 -3.907959918697088e-01 +6.947032474046182e-01 +1.518431781111076e-01 

   17 +5.622863769531250e+00 +5.623626708984375e+00 -3.907959918697088e-01 +1.518431781111076e-01 -1.195040155473635e-01 

   18 +5.623245239257812e+00 +5.623626708984375e+00 -1.195040155473635e-01 +1.518431781111076e-01 +1.616267864665133e-02 

   19 +5.623245239257812e+00 +5.623435974121094e+00 -1.195040155473635e-01 +1.616267864665133e-02 -5.167239405068358e-02 

   20 +5.623340606689453e+00 +5.623435974121094e+00 -5.167239405068358e-02 +1.616267864665133e-02 -1.775528910934554e-02 

   21 +5.623388290405273e+00 +5.623435974121094e+00 -1.775528910934554e-02 +1.616267864665133e-02 -7.964130841173755e-04 

   22 +5.623412132263184e+00 +5.623435974121094e+00 -7.964130841173755e-04 +1.616267864665133e-02 +7.683105817932301e-03 

5.623418092727661 is approximate root

23 iterations used


