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Q \ ) Boundedness of total variation on an interval for two functions

) g xo e fo] F 7T

() 15’(x) = 1 — 2x which is a polynomial is continuous. e P ,
If a function f is monotonic on an interval [a,b], the total variation on that interval is

(b) | f(b) - f(a) |.

f_5 is monotonic on both [0,1/2] and [1/2,1]. Therefore its total variation & rc) s
£ ]« [40)-40)] = Jore]+fi-o] = L.

(The variation wrt any partition that includes 1/2 is 1/4, and for any partition that
does not include x=1/2 it will be less than that.)
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(a) For x > 0, f6 as a combination and composition of C1 functions is C1. At x=0, we have

/ .
£0)= lin hsinf =0 -l sink
6 =0 n h=0

Since sin(1/h) takes on both the values +1 and -1 for arbitrarily small values of h,
this limit does not exist. So 6 is not even differentiable at 0.

def f6(x): return x*sin(1/x)

plt.figure(figsize=(13,5))

X = np.linspace(1,0,500,endpoint=False)

sin = np.sin

k=5

[plt.axvline(2/(2*n+1)/np.pi,color="k',alpha=0.3) for n in range(k)]

plt.plot(x,x,alpha=0.3)

plt.plot(x, -x,alpha=0.3)

plt.plot(x,f6(x))

plt.x1lim(0,1)

plt.xticks([0,1]1+[2/(2*n+1)/np.pi for n in range(k)],
[0,1]+['$\\frac{2}{ '+str(2*n+1)+'\pi}$' for n in range(k)], fontsize=15);
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Thus f 6 does not have bounded total variation.
(Consistent with the remark at the very bottom of p250.)



Q2

After a little experimentation, | came up with the function
Fx) = x}(x - 20 (x - x).

Below | plot part of the periodic extension of f and its first 4 derivatives, where we see that the periodic extension is 3 times
continuously differentiable, but not 4 times.

1 from nsm import *
2
3 x = sp.symbols('x")
4 a,b =0, 2*np.pi
5
6 f = ((x-a)*(x-b))**3 *(x-(a+h)/2) # (x-a)**4*(x-b)**5 #
8 xx = np.linspace(a,b,400)
9
10 n=14
11 for j in range(n+l):
12 fj = sp.lambdify(x,sp.diff(f,x,j), 'numpy') # jth derivative of f
13 plt.subplot(n+l,1,j+1)
14 for k in [-1,0,1]: plt.plot(xx+k*(b-a),0*xx,'k',alpha=0.2)
15 plt.plot(xx,fj(xx)) # jth derivative of f
16 plt.plot(xx-(b-a),fj(xx)) # part of its periodic extension
17 plt.plot(xx+(b-a),fj(xx)) # another part of its periodic extension
18 plt.text((a+b)/2,fj(xx).max()/2, '$f {ext}{('+str(j)+')}s$")
19
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Q2 cont’d Error in least-squares trigonometric polynomial approximations

as a function of dimension of approximating subspace

1 from scipy.integrate import quadrature

4 a,b =0, twopi

6 def f(x): return ((x-a)*(x-b))**3 *(x-(atb)/2)

i=1j
9 x = np.linspace(0,twopi, 1000)
10 kstop = 11

11 #plt.figure(figsize=(8,16))

12 kk = np.linspace(1,kstop-1,3)

13 for k in range(1,kstop):

14 gk = np.zeros_like(x,dtype=complex)

15 alpha = []

1 for j in range(-k,k+1):

17 wj = np.exp(i*j*x)

18 def integrand(x): return f(x)*np.exp(-i*j*x)
19 twopiaj,err = quadrature(integrand,0,twopi,rtol=1e-11,tol=1e-11) # gaussian quadrature
2€ alphaj = twopiaj/twopi

21 alpha.append(alphaj)

22 gk += alphaj*wj

24 maxerror = np.abs(f(x)-gk).max()

25 print(k,maxerror)

2 ifik==1:

27 for p in range(1,5):

28 plt.loglog(kk, kk**(-p)*maxerror, label="sk"{-'+str(p)+'}$",alpha=0.3)

30 plt.loglog(k,maxerror, 'ro')
31 plt.xlabel('k'); plt.ylabel('max error')
32 plt.legend();
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Observations: For sufficiently large k (k > 2, perhaps), the slope of the measured errors (red dots) on the log-log plot is at least as
steep as —3, as Thm 4.17 guarantees since "n — 1" = 3.

In fact, and unexpectedly, it looks like the slope may be as steep as —4.

I think I once glimpsed what the proof of the theorem misses,
butI can't find my notes on it and don't recall what it was. X



Q3 —iZx =LK :
@) n=k =€ *=¢e ?= -i
W, = [wwww] o[ o1 =0 00
0 CA? [/{i & ("f-)z ('L)'E | b :
PSRRI A Do) Gl ()* [ I
< IRAIRLIRLIRY I i) - G)? Lo o -1 =¢
-] —
FL‘“:Z!? I B R =W 1 l'
e A I v =1 =
I L= 1 =1
Lol L -
@)RT'!‘! oo [[]] - 2. | =[c,
Fll -t =l 3} ' ’fi-"% c,
L=t -1 ]! Ca
|4 -0 = I3 s-% ] |e
%l / ¢k mx J
(00 P(x): ZCK . € & LSI/\MZW@MS foke pnb
PR half 8 o e led fous.
T 1 \2rx . ()X
,-l— eb Z.) =, /"‘;L’) et(l) % \
2 (12X  t)erx
Fa 7 LOe '
r (2)€ e F +2C
’ Y i ps Y0, %
= O 124 4(ETFrETE)
AR Z 7N —Zm'&)
¢ 7 L
(€% -7
= 2 + CcosX — Saalwx
= P

®x o<

7.7 # arbitrary range of x axis
np.array([3,1,1,3])

len(y)
np.linspace(0,L,n,endpoint=False)

XX = np.linspace(0,L,201)
twopi = 2*np.pi
p =2 + np.cos(twopi*xx/L) - np.sin(twopi*xx/L)

plt:
plt.
plt.
plt.
plt.

plot(x,y,'ro',clip on=False)

plot(xx,p)

xlim(0,L); plt.ylim(0,4)

xticks([]); plt.yticks([0,1,2,3,4]); plt.grid()
savefig('temp.pdf');
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from nsm import *

plt

.figure(figsize=(18,18))

nmax=588
n = np.arange(1l,nmax)

plt.
plt.
plt.
plt.
plt.
plt.
plt.

500000

plot(n,2*n**2,1w=3,alpha=60.5, label="'$2n"2%")
plot(n,3*n*np.log2(n),lw=3,alpha=0.5, label="5$3\ n\ \log 2\ n$')
plot(n,10*n,lw=3,alpha=0.5, label=f'$1@ n3')

xlabel('sns', fontsize=20)

ylim(0, 2*nmax**2)

x1im({@, nmax)

legend(fontsize=20);
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