538 Exam 2

Tuesday, April 15, 2025

1 Shooting

a

Convert the following 2nd order BVP to a first order one:
y'=y -2y for x€(57), y5)=3, y@=0.
Note that the boundary conditions are on the value of y at the left and on the derivative on the right.

b

With any two shots you like from x = 5, each using just a single Euler step to go all the way, find an approximation the value of y(7). Nole
thath = 7 — 5 = 2. Do not find or use the exact solution of the differential equation.

2 Two of three other BVP methods

Obitain approximate solutions of the following boundary value problem using any 2 of the 3 methods specified below,
(+x) +y=7x for xe@©1D,  yO)=x1=0.

In each case, give the approximation for y(%).

(i) by finite differences, with nodes at x = 0, % l;

(i) by collocation at X = % with a basis of a single function ¢(x) = x(1 — x);

(iii) by the Galerkin method with the same single basis function ¢(x) = x(1 — x).

For method (iii), expressing the optimal coeflicient as the ratio of integrals of two explicit polynomials will gain almost full credit. Only if you
have time at the end, obtain the coefficient numerically.

3 Shooting for a non-autonomous linear BVP
(Extra credit)

Consider a system of differential equations y : R — R" of the form

y () = ANy + f(1)

where A is a continuous matrix-valued function and f is a continuous vector-valued function.

Let y;(#) and and y»(f) be the two solutions with initial values y; (0) and y(0) respectively. Solving the BVP using just two shots relies on
the difference y; (f) — y>(#) being a linear function of the initial difference y(0) — y2(0), thatis y; (f) — y2(r) = M(f) (¥1(0) — y2(0)) for
some f-dependent matrix M (7).

What is M (1)? Hint: try the scalar problem (n = 1) first.
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