538 Spring 2025
Homework 3 Solutions

1. Eigenvalues of Adams-Bashforth methods
(a) Compute or look up the coefficients (alphas and betas) of the 2-step Adams-Bashforth method.

(b) Write down the characteristic polynomial of the method in the variable z when applied to the scalar equation y' = Ay with step
size h, and compute the eigenvalues.

(c) Show that one of the eigenvalues approximates the one-step change e" of the exact solution when i is small, and that the
other one is small leading to rapid decay of the corresponding mode.

(d) Find the value of A4 at which stability is lost as h increases with A real and negative.
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One eigenvalue apprommates e~ {h Iambda} the cﬂ%er is close to zero.
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1 dmport numpy as np
7 dmpert matplotlib.pyplet as pli
3 def axhlines|vals):
a for val in vals: plt.axhlinelval,color="k',alpha=.3)
5 def axviines(va
ar

81
far val in vals: plr.axviinedval,color="k',alpha=.3)
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3. LMF Venn diagram

(i) Place the following LMFs in the Venn diagram above:

a. full 2-step (7.85 in textbook) This is consistent but not stable, hence not convergent.

b. y;41 = y;/10 This is stable but not consistent (even c0 not zero).

c.yi1 =y, +2hf;  This is stable (one eigenvalue = 1 for f=0) but not consistent (c1=-1: order of accuacy 0).

d. Euler This is stable and consistent (cO=c1=0, c2#0: order of accuacy 1).

e. Backward Euler: y;.1 = y; + hf(t;+1.y41) Stable and consistent (cO=c1=0, c2#0: order of accuacy 1), and A-stable.

f. Adams-Bashforth methods Stable and consistent with order increasing with k. There are no explicit A-stable methods.
(ii) lightly shade the region of the diagram comprising methods that are convergent. ~ Shaded purple.

(i) Give an example of a method that is neither consistent nor stable.

y_{i+1}=20y_j




4. An implicit method for stability on a stiff system

(a) Implement the trapeziodal method (see p423) to solve the stiff system,

x i
V= 3 |= X
ok —41(z = 2x* = y?)

with the initial condition ¥(0) = [3, 0, 18]7, going to =10 with h=.05. Use a fixed number of Newton iterations. Plot x,y,z vs. t in 3
separate subplots.

Print the value of x,y,z at t=10 so | can compare your results with mine precisely.
(b) Compare with using Euler's method with the same step size, and superimpose the results on the plot from part (a).
Again, print the value of x,y,z at t=10, if you get that far.

Also upload your code to UBlearns.

Hints

You need to create functions like:

def f(t,y):

def Df(t,y):

To solve the matrix-vector equation Ax=b:
np.linalg.solve(A, b)
To get the identity matrix:
np.eye(3)
Calculate the Newton step s = —Dg_'g by solving Dg s = —gfor s.

Don't confuse the jacobian of the function g whose root you want to find with the jacobian of f (the right hand side of the differential
equation), though the former is expressed simply in terms of the latter.



4. A nonlinear stiff system causes trouble for Euler, not for Trapezoid.
imports

from matplotlib import rcdefaults

rcdefaults() # restore default matplotlib rc parameters

%config InlineBackend.figure format='retina’

import seaborn as sns # wrapper for matpletlib that provides prettier styles and more
import matplotlib.pyplot as plt # use matplotlib functionality directly

%matplotlib inline

sns.set()
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import numpy as np

functions to execute Euler and trapezoid steps

1 def euler_step(t,yj,fDf,h):
2 y = np.array(yj)

3 fj = fof(t,yj)[e]

il return y + h*fj

6 def trapezoid step(t,yj,fDf.h):
7 y = np.array(yj) # use current y value as initial guess for future value
8 fj = fDf(t,yj)[0] # function of diff eq

9 newtonsteps = 1 . . .

10 for k in F;ange(nev.rtcms;teps): JUSt taklng 1 Newton Step per tlmeStep

1 f.Df = fDf(t,y) # function and jacobian of diff eq

12 g=yYy -vyj - h/2*(fdDf(t,y)[0] + fj) # value of function g that's supposed to be zero
13 Dg = np.eye(len(y)) - h/2*Df # jacobian of g

14 s = -np.linalg.solve(Dg,g) # Newton step

15 y=y+s

16 return y

A nonlinear stiff system

1 # another stiff example
? import numpy as np

4 |def fDF(t,Y):
5

X.y,z =Y a function to compute both f and Df
6 a=41.
7 =2
8 f = np.array([-y.x, -a*(z-b*x**2-y**2) ])
9 Df = np.array([[©,-1,0],
10 [1,0,0],

11 [2*a*b*x,2*a*b*y, -a]])
12 return f,Df

14 def ic(t):
15 return np.array([3,0,18.])

8.0;

10

= 200

20 h = (t1-te)/M

print(h)

ya = np.empty((3,M+1))

nn

te
18 | t1
M

1
24 fig,ax = plt.subplots(3,1,figsize=(8,12))
25 for method,color in zip([euler_step,trapezoid step],'gk'):
26 y = ic(t@)

2 ya[:,0] = y

28 for j in range(M):

29 t =10 + h*j

30 y = method(t,y, fDf,h)

31 yal:,j+1] = y

32 #break

33 ta = np.linspace(t0,t1,M+1)

3 for i in range(3):

35 ax[i].plot(ta,ya[i,:],'-',color=color)

36 ax[2].set_ylim(5,25); ax[2].set_xlabel('t');




Results: Euler in green, trapezoid in black.
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Trapezoid looks good. Euler is unstable.



